Abstract. We study automorphisms of the Hilbert scheme of n points on a generic projective K3 surface S, for any n ≥ 2. We show that Aut(S [n] ) is either trivial or generated by a non-symplectic involution and we determine numerical and divisorial conditions which allow us to distinguish between the two cases. As an application of these results we prove that, for any n ≥ 2, there exist infinite values for the degree of S such that S [n] admits a non-natural involution. This provides a generalization of the results of [6] for n = 2.
Introduction
We consider a complex, algebraic K3 surface S with Pic(S) = ZH, where we assume that H is an ample line bundle with H 2 = 2t, t ≥ 1. Let S [n] be the Hilbert scheme of n points on S: it is a hyperkähler manifold, arising as resolution of singularities of the n-th symmetric power S (n) . The second cohomology group H 2 (S [n] , Z) admits a lattice structure with respect to the BeauvilleBogomolov-Fujiki quadratic form (see [4] for more details). In particular, as lattices H 2 (S [n] , Z) ∼ = H 2 (S, Z) ⊕ Zδ, where 2δ is the class of the exceptional divisor of the Hilbert-Chow morphism S
[n] → S (n) and δ 2 = −2(n − 1). The ample class H on S induces a line bundle H on S [n] , whose first Chern class we denote by h. Then, we can take {h, −δ} as a basis for the Néron-Severi lattice NS(S [n] ) ⊂ H 2 (S [n] , Z). Boissière, Cattaneo, Nieper-Wisskirchen and Sarti [6] computed the automorphism group Aut(S [2] ) for the Hilbert scheme of two points on a K3 surface S as above, showing that it is either trivial or generated by a non-symplectic involution, i.e. an involution which does not fix the closed two-form generating H 2,0 (S [2] ). More recently, Debarre and Macrì [13] determined the birational automorphism group Bir(S [2] ), which coincides with Aut(S [2] ) except when t = 5. The aim of this paper is to generalize the results of [6] , providing a description of Aut(S [n] ) for any n ≥ 3. In particular, Oguiso proved that this group is always finite ([23, Corollary
5.2]).
In Section 2 we briefly recall several classical results on Pell's equation and we summarize the description of Bayer-Macrì [1] for the cones of divisors on S [n] . In Section 3 we use n-very ample classes on the surface S to construct ample classes on S [n] ; this allows us to prove, in Proposition 3.4, that if the action on NS(S [n] ) of an automorphism f ∈ Aut(S [n] ) is non-trivial, then it is a specific isometry of order two determined by the extremal rays of the ample cone.
In Section 4 we show that, for any n ≥ 2, either Aut(S
[n] ) = {id} or Aut(S [n] ) = {id, f }, with f a non-symplectic involution. This means that, passing from n = 2 to n ≥ 3, no new possible structures for the automorphism group of S [n] arise. By studying the action of f on the nef cone of S
[n] , we prove the following.
Proposition 1.1. Let S be an algebraic K3 surface with Pic(S) = ZH, H 2 = 2t.
• If t = 1, then Aut(S [n] ) = id, ι [n] , where ι [n] is the natural involution induced by the involution ι which generates Aut(S).
• If 2 ≤ t ≤ 2n − 3, then Aut(S
[n] ) = {id}.
In Section 5 we investigate more in detail the action of the non-symplectic involution on H 2 (S [n] , Z), looking at fixed ample classes. For n = 2, by [6, Theorem 1.1] Aut(S [2] ) is generated by an involution if and only if there exists an ample class ν ∈ NS(S [2] ) of square two. We provide the following generalization.
Theorem 1.2. Let S be an algebraic K3 surface with Pic(S) = ZH, H 2 = 2t, t ≥ 1. Then S
[n] admits a non-symplectic, non-natural involution if and only if there exists a primitive ample class ν ∈ NS(S [n] ) with either
• ν of square two, or • ν of square 2(n − 1) and divisibility n − 1 in H 2 (S [n] , Z).
We prove one of the two implications of the theorem in a more general setting: the existence of an ample class ν ∈ NS(X) as in the statement guarantees the existence of a non-symplectic involution on any hyperkähler manifold X which is deformation equivalent to the Hilbert scheme of n points on a K3 surface (socalled manifolds of K3
[n] -type; see Proposition 5.3). A more in-depth study of nonsymplectic involutions on manifolds of K3
[n] -type will be presented in the upcoming paper [9] , by Chiara Camere, the author and Andrea Cattaneo.
Finally, in Section 6 we achieve a purely numerical characterization for the existence of a non-trivial automorphism on S [n] , in the same spirit of [6] . This can be done by using the descriptions of Bayer-Macrì for the movable cone and the nef cone of the manifold. Theorem 1.3. Let S be an algebraic K3 surface with Pic(S) = ZH, H 2 = 2t, t ≥ 2 and n ≥ 2. Let (z, w) be the minimal solution of Pell's equation
is not a square; (ii) if n = 2, the equation (n − 1)X 2 − tY 2 = 1 has no integer solutions; (iii) for all integers ρ, α as follows:
with X ≡ ±α (mod 2(n − 1)), if it exists, is such that Y X ≥ w 2z ; (iv) there exist integer solutions either for the equation
If these conditions are satisfied, then Nef(S [n] ) = Mov(S [n] ) = h, zh − twδ and Aut(S [n] ) is generated by a non-symplectic, non-natural involution, whose action on NS(S [n] ) = Zh ⊕ Z(−δ) is given by the matrix
As an application of the theorem, we prove that for each n ≥ 2 there are infinite values of t for which there exists a non-natural involution f ∈ Aut(S [n] ). Proposition 1.4. Let S be an algebraic K3 surface with Pic(S) = ZH, H 2 = 2t and assume t = (n − 1)
is generated by an element of square two.
We point out that several results of Sections 3, 4 have been obtained independently by Olivier Debarre in his notes [12] (in preparation), where the interested reader can also find some details on the group Bir(S [n] ).
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Preliminaries

Pell's equation.
A quick overview of the basic theory of Pell's equation can be found in [6, §2.1] . In this section we only fix the notation and recall the properties that we will need for our purposes. Clearly, for any r ∈ N there exist solutions for Pell's equation X 2 − rY 2 = 1; in particular, if r is a square the only solutions are (±1, 0). In the case where r is the product of two non trivial integers and m = 1, we have the following result. Lemma 2.3. Let s, q ∈ N, with q = 1. If the equation sX 2 − qY 2 = −1 admits integer solutions, let (a, b) be the positive one with minimal X. Then the minimal solution of Pell's equation
Proof. A more general statement can be found in [12] . For the case s = 1 see also [6, 
Cones of divisors on S
[n] . If S is an algebraic K3 surface, the cohomology ring 
⊕2 , where U is the even, unimodular, hyperbolic lattice of rank two and E 8 (−1) is the negative definite root lattice defined by the Dynkin diagram E 8 . Moreover, H * (S, Z) carries a weight-two Hodge structure, whose ( 
). For any n ≥ 2, we define the algebraic vector v = (1, 0, 1 − n) ∈ H * alg (S, Z). There exists a canonical isomorphism
where (with an abuse of notation) we still denote by H the first Chern class of the generator of Pic(S).
The following lemma provides a description of algebraic classes a ∈ H * alg (S, Z) with given square and pairing with v = (1, 0, 1 − n). The proof is left to the reader. Lemma 2.5. Let S be an algebraic K3 surface with Pic(S) = ZH. An element a ∈ H * alg (S, Z) has a 2 = 2ρ and (v, a) = α, with ρ, α ∈ Z, if and only if it is of the form
Let Pos(S [n] ) be the positive cone of S [n] , i.e. the connected component of 
The walls of Theorem 2.7 contained in Mov(S [n] ) provide a decomposition of the movable cone into chambers, which correspond bijectively to smooth birational models of S
[n] with trivial canonical bundle, as studied in a more general setting in [17] and [1] .
Remark 2.8. The additional walls that need to be considered in the decomposition of Theorem 2.7, with respect to the ones already appearing in Theorem 2.6, are flopping walls. They are walls of the form θ(v ⊥ ∩ a ⊥ ), where we can restrict to consider a algebraic such that:
(1)
These bounds for a 2 and (v, a) are a consequence of the fact that the rank two sublattice a, v ⊂ H * (S, Z) needs to be hyperbolic, in order to define a subspace θ(v ⊥ ∩ a ⊥ ) which intersects the positive cone (see [1, Theorem 5.7] 
In the case of Hilbert schemes S [n] with rk (NS(S [n] )) = 2, both the ample cone and the movable cone are delimited by two extremal rays.
Theorem 2.10. [1, Proposition 13.1] Let S be an algebraic K3 surface with Pic(S) = ZH, H 2 = 2t and n ≥ 2.
(
is not a square and the equation (n − 1)X 2 − tY 2 = 1 has integer solutions, let (z, w) be the positive solution with minimal X; then
is not a square and (n − 1)X 2 − tY 2 = 1 has no integer solutions, then Mov(S [n] ) = h, zh−twδ where (z, w) is the minimal solution of Pell's equation
In the hypothesis of the theorem, the extremal ray of Mov(S [n] ) generated by h is also one of the two walls delimiting Nef(
, by Remark 2.8 the second wall of the nef cone coincides with the flopping wall with minimal slope inside Mov(S [n] ).
Ample classes and isometries of NS(S
In this section we determine the structure of the group of isometries O(NS(S [n] )). We adopt a similar approach to the one used by the authors of [6] for the case n = 2, in order to generalize their results.
Definition 3.1. Let S be a smooth complex surface and k a non-
We recall the following geometric interpretation of k-very ampleness. For any
, which allows us to define a rational map γ : Proposition 3.3. Let S be an algebraic K3 surface with Pic(S) = ZH,
) is ample, because it is the first Chern class of the line bundle γ * (O G (1)), where we consider the embedding γ : 
It is easy to see that, if a ≥ n + 2, there are no values d satisfying all these inequalities, while instead the condition L 2 ≥ 4n holds. Thus, for all a ≥ n+2 the line bundle L = aH is n-very ample and ah−δ ∈ A S [n] . Moreover, the two classes h, −δ ∈ NS(S [n] ) are not ample, therefore we conclude
We are now interested in describing the isometries of the Néron-Severi lattice of S [n] . With respect to the basis {h, −δ}, the bilinear form on NS(
) is represented by a matrix of the form
From this list of conditions, we find two alternative structures for M :
Matrices of the first form have determinant +1, while those of the second form
we have M 2 = I 2 (from the relations between A, B, C), meaning that the isometry described by M is an involution.
Notice that we can write O(NS(S
where N is the normal subgroup of isometries of the first form:
while s is the order two matrix s :
As proved for the case n = 2 in [6, Proposition 4.3], there is a link between such isometries and the ample cone of S [n] .
Proposition 3.4. Let S be an algebraic K3 surface with Pic(S) = ZH,
) is either the identity or the involution described, with respect to the basis {h, −δ}, by the matrix
and with A, B defining the ample cone of S [n] :
Proof. The proof generalizes the one of [6, Proposition 4.3] . The isometry φ induced by f on the Néron-Severi group of S [n] can only be of the two forms we described previously in this section. We look at them separately.
• φ = A B C A with (n − 1)C = tB and (n − 1)A 2 − tB 2 = n − 1.
Assume φ = ± id, i.e. B = 0. Notice that φ is the restriction to NS(S [n] ) of the effective Hodge isometry f
, Z)), therefore it needs to map ample classes to ample classes. Then, by applying Proposition 3.3, φ(a, 1) = (aA + B, aC + A) ∈ A S [n] for any a ≥ n + 2. Moreover, we have
, which means that (in the plane NS(S [n] ) ⊗ Z R):
Now, the class φ(n + 2, 1) = ((n + 2)A + B, (n + 2)C + A) needs to be in the ample cone, but it does not satisfy the inequality Ay < tB n−1 x (because of the property (n − 1)A 2 − tB 2 = n − 1 > 0), so we get a contradiction: φ cannot be of this form, unless φ = id (we have to exclude φ = − id, because it does not preserve the ample cone).
•
We proceed as in the previous case: the classes φ(a, 1) = (aA+B, −aC −A) are ample for any a ≥ n + 2, so A > 0 and C < 0 (thus also B < 0; notice that we cannot have C = 0, otherwise φ(a, 1) would not be in the ample cone, for any positive a). In particular, all the rays through the classes φ(a, 1), for a ≥ n + 2, are contained in the ample cone A S [n] ; passing to the limit a → +∞, the ray trough (A, −C) must be in the closure of the cone, so
To conclude, we observe that
, because h is not ample, so we also have A S [n] ⊆ F .
The automorphism group of S [n]
The aim of this section is to classify the possible group structures of Aut(S [n] ) and to determine some first numerical conditions for the existence of a non-trivial automorphism.
For any K3 surface S and n ≥ 2, an element σ ∈ Aut(S) induces an automorphism σ
[n] of the Hilbert scheme S [n] , which maps a zero-dimensional subscheme Z ⊂ S of length n to its schematic image σ(Z). Such an automorphism σ
[n] is called natural.
We recall that, if S is a projective K3 surface with Pic(S) = ZH, H 2 = 2t, the automorphism group Aut(S) is trivial if t ≥ 2. Instead, if t = 1 there exists a double covering S → P 2 which is ramified over a smooth curve of degree six; in particular, Aut(S) = {id, ι}, where ι is the (non-symplectic) covering involution (see [24, §5] and [19, Corollary 15.2.12] ). Proposition 3.4 allows us to provide a first result on the structure of the automorphism group Aut(S [n] ).
Proposition 4.1. Let S be an algebraic K3 surface with Pic(S) = ZH, H 2 = 2t. If t ≥ 2, the automorphism group Aut(S [n] ) is either trivial or isomorphic to Z/2Z, generated by a non-natural, non-symplectic involution.
Proof. The map Aut(S
to its action on the second cohomology lattice, is injective by [3, Proposition 10] ; instead, if we only consider Ψ :
, its kernel is the set of natural automorphisms (generalization of [6, Lemma 2.4], using [8, Theorem 1] ). Under the hypothesis t ≥ 2, the identity is the only automorphism of S therefore Aut(S [n] ) is in one-to-one correspondence with the image of Ψ, which -by Proposition 3.4 -is either trivial or generated by an isometry of order two.
If Aut(S [n] ) contains an involution f , then it is non-natural and non-symplectic:
in fact, if it were symplectic the co-invariant lattice
, Z) would be contained in NS(S [n] ) and it would be of rank eight (see [ Let now f ∈ Aut(S [n] ) be a non-natural automorphism (that is, if t ≥ 2, any non-trivial automorphism); then, as we showed in Proposition 3.4, it induces an isometry of NS(S [n] ) of the form
with coefficients A > 0, B < 0, C < 0 uniquely determined by the ample cone A S [n] . One can check that this isometry is the reflection of the Néron-Severi lattice in the line spanned by the class of coordinates (−B, A−1). As it was done in [6] for the case n = 2, we denote by (b, a) the primitive generator of this line: in particular, (b, a) := , a) , we find the relations
Since f is a non-symplectic involution, the invariant lattice
is contained in NS(S [n] ); therefore, T f is the lattice of rank one generated by (b, a). Moreover, the transcendental lattice Tr( 
Proof. The isometry f
. The following isometry of lattices holds:
where −2(n − 1) denotes the rank one lattice generated by an element of square −2(n− 1). Following the proof of [6, Lemma 5.2], we embed NS(S [n] ) = Zh⊕ Z(−δ) inside L mapping h to e 1 + te 2 (where {e 1 , e 2 } is a basis for the first summand U ) and −δ to the generator g of the component −2(n − 1) . We take {e 1 + te 2 , e 2 , g} as a basis for the lattice U ⊕ −2(n − 1) , which contains NS(S [n] ) as a sublattice of rank two. Notice that the class w := e 1 − te 2 belongs to the transcendental lattice, therefore f * (w) = −w. By writing w = (e 1 + te 2 ) − 2te 2 we compute: 2tf * (e 2 ) = (A + 1)(e 1 + te 2 ) − 2te 2 − Cg which can also be written, using relations (3), as
Since the coefficients of this expression need to be integers, tb 2 −(n−1)a 2 divides gcd(b 2 , ab) = b. Also notice that, due to the condition (n − 1)A 2 − tB 2 = n − 1, we have: d(tb 2 − a 2 (n − 1)) = 2a(n − 1). Therefore, since ab tb 2 −a 2 (n−1) is integer, by multiplying both numerator and denominator by d we deduce that 2(n − 1) divides B = −db < 0.
Using Lemma 4.3, we can determine the group Aut(S [n] ) in some cases where we have a simple description of the nef cone of S [n] .
Proposition 4.4. Let S be an algebraic K3 surface with Pic(S) = ZH,
2 , all automorphisms of S
[n] are natural.
Proof. Let f ∈ Aut(S [n] ) be a non-natural automorphism: its action on NS(S [n]
) is non-trivial, therefore it is an isometry of the form (2), by Proposition 3.4. In particular, the nef cone Nef(S [n] ) is generated over R + by h and (n − 1)Ah + tBδ.
we also have the description of the nef cone given in [2, Proposition 10.3]: it is generated by h and h − 2t t+n δ. Thus, we need the two classes (n − 1)Ah + tBδ and h − 2t t+n δ to be proportional, i.e.
(n − 1)A t + n = − tB 2t .
Using relations (3) this becomes tb
As we proved in Lemma 4.3, tb 2 −(n−1)a 2 divides b; but, from the last expression for tb 2 − (n − 1)a 2 , this implies a | b, so necessarily a = 1, since gcd(a, b) = 1 by definition (also, a and b are both positive).
Therefore, b is an integer solution of the equation:
Assuming n ≥ 2, a simple computation shows that this equation admits an integer solution only if n is odd and n + 1 = 2t: in this case, b = 2. However, if so we have tb 2 − (n − 1)a 2 = 2t + 2, which does not divide b = 2 for any t ≥ 1, thus we get a contradiction.
Notice that the condition n ≥ 2 is satisfied by all values n ≥ 2 when t = 1, therefore the case t = 1 is now completely resolved. If instead t ≥ 2, we already know that there are no non-trivial natural automorphisms on S
[n] .
Corollary 4.5. Let S be an algebraic K3 surface with Pic(S) = ZH, H 2 = 2t.
is the natural involution induced by the covering involution ι ∈ Aut(S).
From now on, we will assume t ≥ 2. In Proposition 4.1 and Lemma 4.3 we proved that the isometry φ ∈ O(NS(S [n] )) induced by a non-trivial automorphism of S [n] is of the form (2) with B = (n − 1)β and β < 0 even. We therefore rewrite the structure of the matrix of φ and the conditions on its coefficients in the following way:
and with A S [n] = {xh − yδ | y > 0, Ay < −tβx}. We will return to numerical conditions for the existence of an automorphism on S [n] in §6.
Invariant polarizations
In this section we study the properties of the generator of the invariant lattice of a non-natural involution on S
[n] and, vice versa, we show that the existence of an ample divisor in NS(S [n] ) with such properties guarantees that Aut(S [n] ) is non-trivial.
Let M be an even lattice; the dual M ∨ := Hom Z (M, Z) admits the following description:
where the brackets (−, −) denote the Q-linear extension of the bilinear form of M . The finite quotient The divisibility div(m) of an element m ∈ M is the positive generator of the ideal {(m, x) | x ∈ M } ⊂ Z. For the remaining of the paper, when using the notation div(x) we will always refer to the divisibility in the lattice L ∼ = H 2 (S [n] , Z), even if the element x is stated to belong to a proper sublattice of L, such as NS(S [n] ).
Proposition 5.1. Let S be an algebraic K3 surface with Pic(S) = ZH, H 2 = 2t, t ≥ 2 and f ∈ Aut(S [n] ) an involution. Let ν be the primitive generator of the rank one invariant lattice
. Then one of the following holds:
• f * acts as − id on the discriminant group of H 2 (S [n] , Z) and (ν, ν) = 2; • −1 is a quadratic residue modulo n − 1, f * acts as id on the discriminant group of
Proof. The generator ν of T f coincides with the ample class bh − aδ ∈ NS(S [n] ) defined in Section 4. We recall that f * | NS(S [n] ) is the reflection fixing the line ν , while f * acts as − id on Tr(S [n] ), therefore f * can also be regarded as the opposite of the reflection of
Moreover, f * is a monodromy operator (it is the isometry of 
where O + (L) is the subgroup of isometries of L with real spinor norm +1 (i.e. the isometries which preserve the positive cone).
The vectors l ∈ L such that R l | AL = id or (−R l )| AL = id were studied in [15, Proposition 3.1], [15, Proposition 3.2] respectively: by applying these results, and observing that ν has square (ν, ν) = 2(tb 2 − (n − 1)a 2 ) > 0, we can conclude the following:
We deduce that the square of the generator of the invariant lattice T f can only be 2 or 2(n − 1). The existence of a primitive element l ∈ L with given square and divisibility depends on whether some arithmetic conditions are satisfied: this is proved in [16, Proposition 3.6], where an explicit description of the lattice l ⊥ is also provided. Using this result we find out that case (ii) is admissible only if −1 is a quadratic residue modulo n − 1 and the divisibility of ν is n − 1. This concludes the proof. 
where we used the fact that β is even, by Lemma 4.3. On the other hand, we know that f * acts as ± id on A L , being a monodromy operator, hence either A+1 or A−1 is divisible by 2(n − 1). In particular, if 2(n − 1) divides A − 1, then f * | AL = − id and ν has square 2; instead, if 2(n − 1) divides A + 1 then f * | AL = + id and ν has square 2(n − 1). Notice that 2(n − 1) can divide both A − 1 and A + 1 only for n = 2: in this case, − id = + id on A L ∼ = Z/2Z and ν has square 2 = 2(n − 1), as already proved in [6, Theorem 1.1].
By Proposition 5.1, if t ≥ 2 and Aut(S
[n] ) = {id} there exists an ample class ν ∈ NS(S [n] ) with (ν, ν) = 2 or (ν, ν) = 2(n − 1), div(ν) = n − 1. We now show that the converse holds for any manifold of K3
[n] -type.
Proposition 5.3. Let X be an hyperkähler manifold deformation equivalent to the Hilbert scheme of n points on a K3 surface, n ≥ 2. Then X admits a non-symplectic involution if there exists a primitive ample class ν ∈ NS(X) with either
Proof. Let γ := −R ν ∈ O(H 2 (X, Q)) be the opposite of the reflection defined by ν, as in (5) . If ν is an element as in the statement, γ defines an integral isometry γ ∈ O(H 2 (X, Z)). Moreover, γ induces ± id on the discriminant group of H 2 (X, Z)
by [15, Proposition 3.1, Proposition 3.2] and it belongs to O + (H 2 (X, Z)) by [21, §9] , because γ = −R ν with (ν, ν) > 0. This implies that γ is a monodromy operator by [21, Lemma 9.2] . Let ω X be the everywhere non-degenerate closed two-form on X which generates H 2,0 (X); then, after extending γ to H 2 (X, C) by C-linearity, γ(ω X ) = −ω X , since ω X belongs to NS(X) ⊥ , thus γ is an isomorphism of integral Hodge structures. Moreover, γ preserves the Kähler cone of X, because it fixes the ample class ν: by the Hodge theoretic global Torelli theorem [21, Theorem 1.3], we can conclude that there exists an automorphism f ∈ Aut(X) whose action on H 2 (X, Z) is γ. In particular, f is a non-symplectic involution, since the map
Remark 5.4. If S is a K3 surface of Picard number one and X = S [n] , the nonsymplectic involution f ∈ Aut(X) constructed in the proof of Proposition 5.3 is non-natural, since its action on NS(S [n] ) is non-trivial. As a consequence, using also Proposition 5.1, the existence of a primitive ample class with square two, or with square 2(n − 1) and divisibility n − 1, is equivalent to the existence of a non-symplectic, non-natural involution (as formulated in Theorem 1.2).
Numerical conditions
In this last section we apply the divisorial results of §5 to provide a completely numerical characterization for the existence of a non-trivial automorphism on S
Proposition 6.1. Let S be an algebraic K3 surface with Pic(S) = ZH,
is not a square and, if n = 2, the equation (n − 1)X 2 − tY 2 = 1 has no integer solutions. The minimal solution (z, w) of Pell's equation X 2 − t(n − 1)Y 2 = 1 with X ≡ ±1 (mod n − 1) has w even and z ≡ ±1 (mod 2(n − 1)). Moreover,
The automorphism group of S [n] is generated by a non-natural, non-symplectic involution whose action on NS(S [n] ) = Zh ⊕ Z(−δ) is given by the matrix
Proof. If the automorphism group is non-trivial, by Proposition 4.1 it is generated by a non-natural, non-symplectic involution whose action on NS(S [n] ) is of the form (4). In particular, the pair (A, β) is a solution of Pell's equation X 2 −t(n−1)Y 2 = 1 with β = 0: as a consequence, t(n − 1) cannot be a square (as we remarked in §2.1). Moreover, since the action of the involution on NS(S [n] ) is non-trivial, it needs to exchange the two extremal rays of Mov(S [n] ), which therefore need to be of the same type with respect to the classification of walls of Theorem 2.6. The extremal ray generated by h corresponds to a wall θ(v ⊥ ∩ a ⊥ ) with a ∈ H * alg (S, Z) isotropic such that (v, a) = 1: in [1, Theorem 5.7] it is referred to as a wall of Hilbert-Chow type, since the corresponding divisorial contraction is the Hilbert-Chow morphism S
[n] → S (n) . Thus, the second wall of Mov(S [n] ) needs to be of this type too. This happens if and only if Mov(S [n] ) is as in case (3) of Theorem 2.10, where in particular -by Lemma 2.5 -we need to ask that the minimal solution (z, w) of X 2 − t(n − 1)Y 2 = 1 with X ≡ ±1 (mod n − 1) is such that w is even and z ≡ ±1 (mod 2(n − 1)). If so, Mov(S [n] ) is the interior of the cone spanned by h and zh − twδ (Theorem 2.10).
We know that A S [n] = {xh − yδ | y > 0, Ay < −tβx}, with β < 0 even and A > 0, therefore the two extremal rays of the nef cone are generated by h and Ah − t(−β)δ. Moreover, either A + 1 or A − 1 is divisible by 2(n − 1), by Remark 5.2, meaning A ≡ ±1 (mod (n − 1)). Since Nef(S [n] ) ⊆ Mov(S [n] ), the minimality of the slope In general, for any n, the equality also follows from the fact that the non-trivial action on NS(S [n] ) of a biregular involution needs to exchange the two extremal rays of both Mov(S [n] ) and Nef(S [n] ) (see Remark 2.9). Since the two cones share one of the extremal rays (the wall spanned by h), they share the other one too.
In order to convert the divisorial results of §5 into purely numerical conditions, we will need the following lemma.
Lemma 6.3. Let S be an algebraic K3 surface with Pic(S) = ZH,
Proof. Assume that there exists
⊕2 ⊕ −2(n − 1) (see the proof of Lemma 4.3) maps ν to b(e 1 + te 2 ) + ag, where {e 1 , e 2 } is a basis for one of the summands U and g generates −2(n−1) . Notice that, with respect to the bilinear form on H 2 (S [n] , Z), we have (ν, e 2 ) = b, therefore b is a multiple of div(ν) = n − 1. We conclude that (a, b n−1 ) is an integer solution of X 2 − t(n − 1)Y 2 = −1. Conversely, assume that X 2 − t(n − 1)Y 2 = −1 admits integer solutions and let (X, Y ) be one of them. We set ν :
it is a primitive class of square 2(n − 1). Using the usual embedding NS(
, Z), which maps ν to (n − 1)Y (e 1 + te 2 ) + Xg, we can easily compute the ideal of pairings
However, there are no solutions (X, Y ) to X 2 − t(n − 1)Y 2 = −1 with Y even, since −1 is not a quadratic residue modulo 4, thus div(ν) = n − 1.
We can now state and prove our main result. Theorem 6.4. Let S be an algebraic K3 surface with Pic(S) = ZH, H 2 = 2t, t ≥ 2 and n ≥ 2. Let (z, w) be the minimal solution of Pell's equation X 2 −t(n−1)Y 2 = 1 with X ≡ ±1 (mod n − 1). The Hilbert scheme S
[n] admits a (non-symplectic, nonnatural) involution if and only if (i) t(n − 1) is not a square; (ii) if n = 2, the equation (n − 1)X 2 − tY 2 = 1 has no integer solutions;
(iii) for all integers ρ, α as follows:
with X ≡ ±α (mod 2(n − 1)), if it exists, is such that ). In §2.2 we recalled the description of the elements a ∈ H * alg (S, Z) such that θ(v ⊥ ∩ a ⊥ ) is a flopping wall: using Lemma 2.5, the existence of a similar algebraic Mukai vector a corresponds to the existence of integer solutions (X, Y ) with X ≡ ±α (mod 2(n − 1)) to one of Pell's equations 
which is strictly smaller than
We also notice that, for each equation with α 2 − 4ρ(n − 1) > 0, it is sufficient to check whether the wall defined by the minimal solution (with X ≡ ±α modulo 2(n − 1)) lies inside the movable cone, since the other walls corresponding to positive solutions of the same equation will all have greater slopes (Remark 2.2).
Finally, if S [n] admits an involution then, by Proposition 5.1, there exists a primitive element ν ∈ NS(S [n] ) with either (ν, ν) = 2 or (ν, ν) = 2(n − 1) and div(ν) = n − 1. If we write ν = bh − aδ, we have (ν, ν) = −2((n − 1)a 2 − tb 2 ).
• If (ν, ν) = 2, then (a, b) is an integer solution of (n − 1)X 2 − tY 2 = −1.
• If (ν, ν) = 2(n − 1) and div(ν) = n − 1, then by Lemma 6.3 (a,
We now want to show that the numerical conditions in the statement are sufficient to prove the existence of a non-trivial automorphism on S [n] . By Theorem 2.10, from hypotheses (i) and (ii) we deduce that the closure of the movable cone of S [n] is Mov(S [n] ) = h, zh − twδ , with (z, w) as in the statement. Moreover, as we explained in the first part of the proof, hypothesis (iii) guarantees that all classes in the movable cone are ample, i.e.
• If the equation (n − 1)X 2 − tY 2 = −1 admits a solution, let (a, b) be the positive solution with minimal X; then, by Lemma 2.3 the minimal solution of Pell's equation X 2 − t(n − 1)Y 2 = 1 is (Z, W ) = 2(n − 1)a 2 + 1, 2ab . Notice, in particular, that Z ≡ 1 (mod n − 1), therefore (z, w) = (Z, W ). Moreover, w = 2ab is even and z ≡ 1 (mod 2(n − 1)): this implies, as explained in the proof of Proposition 6.1, that both the extremal rays of the movable cone correspond to divisorial contractions of Hilbert-Chow type. We now set ν := bh − aδ ∈ NS(S [n] ), which is a primitive class of square 2. In particular ν is ample, using (⋆), because a > 0 and za − twb = a(2(n − 1)a 2 + 1 − 2tb 2 ) = −a < 0.
• If instead there are integer solutions for X 2 − t(n − 1)Y 2 = −1, let (a, b) be again the minimal one. By Lemma 2.3 the minimal solution of Pell's equation X 2 − t(n − 1)Y 2 = 1 is (Z, W ) = (2a 2 + 1, 2ab). Here Z ≡ −1 (mod n − 1), since a 2 = t(n − 1)b 2 − 1, therefore (z, w) = (Z, W ) with w even and z ≡ −1 (mod 2(n − 1)). Let ν := (n − 1)bh − aδ ∈ NS(S [n] ): by Lemma 6.3 it is a primitive class of square 2(n − 1) and divisibility n − 1. Moreover ν is ample, using the description (⋆), because a > 0 and za − tw(n − 1)b = a(2a 2 + 1 − 2t(n − 1)b 2 ) = −a < 0.
Therefore, if one of the two equations in hypothesis (iv) admits integer solutions, we can construct an ample class ν with either (ν, ν) = 2 or (ν, ν) = 2(n − 1) and div(ν) = n − 1. By Proposition 5.3 and Remark 5.4 the Hilbert scheme S
[n] admits a non-symplectic, non-natural involution, which acts on H 2 (S [n] , Z) as −R ν .
Remark 6.5. In the proof of Theorem 6.4 we showed that, if condition (iv) holds, then the solution (z, w) of X 2 − t(n − 1)Y 2 = 1 appearing in the statement is the minimal solution of the equation and z ≡ ±1 (mod 2(n − 1)). Using formula (1) we deduce that all solutions of Pell's equation X 2 −4t(n−1)Y 2 = 1 have X ≡ ±1 (mod 2(n−1)), since (z, and ρ, α as in the statement of the theorem. As an application of Theorem 6.4, it is possible to prove that for any n ≥ 2 there exist infinite values of t such that S
[n] admits a non-symplectic involution f with T f ∼ = 2 . In order to do so, we consider a specific sequence of integers {t n,k } k∈N and we show that all these t n,k 's are admissible if k is sufficiently large.
Proposition 6.7. Let S be an algebraic K3 surface with Pic(S) = ZH, H 2 = 2t and assume t = (n − 1)k 2 + 1 for k, n positive integers, n ≥ 2. If k ≥ n+3 2 , there exists a non-symplectic involution f ∈ Aut(S [n] ) with T f ∼ = 2 .
